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Drawdown in and near a pumped well that fully penetrates a homogeneous, isotropic, confined aquifer under conditions similar to Cooley and Cunningham (1979 foot per second per foot 1.0 meter per second per meter well bore due to pipe-flow friction and nonuniform velocity. The model allows for partial well penetration and for multiple screened intervals. The fraction of total inflow to the well that is allocated to each aquifer layer is a variable that is calculated in each time step. Aquifer properties that can be simulated include confined conditions (leaky or nonleaky), unconfined conditions, vertical-horizontal anisotropy, and vertical variations in hydraulic conductivity.
Horizontal flow is calculated from an integration of Darcy's law to allow for the variation in cross-sectional area from one finite-difference cell to the next. The uppermost layer of finite-difference cells, which represents the upper part of the saturated zone, contributes stored water from specific yield, whereas other cells contribute stored water from specific storage. This representation allows for simulation of the "delayed-yield" effect. Calculation of horizontal flow in the uppermost layer of cells allows for the reduction in cross-sectional area (and transmissivity) caused by lowering of the water table.
The model requires horizontal uniformity of hydraulic conductivity, specific yield, and specific storage. The model also requires that the upper layer of cells must be thicker vertically than the maximum drawdown of the water table, and that the seepage face is not simulated. The geometric configuration requires the pump intake to be above the top of the well screen. An upper limit on timestep length required by the explicit method can result in lengthy execution time.
Several different aquifer properties and numerous complexities in the flow system that are caused by well characteristics can be simulated. All characteristics can be allowed for simultaneously.
The model was tested by comparing its results with results of published analytical solutions and other mathematical models. The results were generally in good agreement.
INTRODUCTION
Because the analytical methods used to interpret drawdown data from aquifer tests require one or more assumptions about the pumped well and the aquifer system that may not be realistic, numerical models may prove more useful. This report describes a numerical model that can simulate simultaneously the effects of well properties, such as partial penetration and multiple screened intervals; processes at the well, such as the derivation of water from well-casing storage, hydraulic-head loss across the well screen, and hydraulic-head variation along the length of the well bore caused by pipe-flow friction and nonuniform velocity; ground-water system properties, such as multiple aquifers, confined conditions (leaky and nonleaky), unconfined conditions, verticalhorizontal anisotropy, and vertical variation in hydraulic conductivity; and processes in the ground-water system, such as delayed yield and the reduction in saturated thickness caused by water-table drawdown. The purpose of the model is to provide another tool for interpreting aquifer-test data that are complicated by one or more of these properties and processes.
A number of ground-water models that simulate axisymmetric flow around a pumped well are described in the literature. Cooley and Cunningham (1979) described a finite-element model that computes hydraulic-head losses across the well screen and along the well bore. A model constructed by Davis and Neuman (1983) allows simulation of well-bore storage and the seepage face. Reilly (1984) described a finiteelement model that simulates confined or unconfined conditions and multiple aquifers.
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Geometric Configuration of the Model
The model is described as axisymmetric because the framework of finite-difference cells is symmetrical with respect to an axis, which is the centerline of the well. The geometric configuration of the axisymmetric model is shown in figure 1. Rows (I) represent horizontal aquifer layers, and columns (J) represent cylindrical shells that are concentric with the centerline of the well. The user specifies the vertical thickness of each layer, the horizontal thickness of column I, and a column-thickness multiplier for all subsequent columns. The elements defined by a combination of row and 
Calculation of Flow in the Aquifer
Flow in the aquifer can be identified as either horizontal or vertical between adjacent cells. It is generally conceptualized as the flow between the midsection of one cell and the midsection of the next (cell-centered formulation), where both midsections are perpendicular to the direction of the flow to be calculated and where the midsections define the entire cross-sectional areas of the cells. Slight variations in this general conceptualization for flow near the well and for flow near the water table will be explained.
In the simplest form, the flow from one finite-difference cell to another can be expressed by an adaptation of Darcy's law (given that zero drawdown in all points of the system can be equated with zero gradient throughout the system):
where DD -drawdown (L); and
If the cross-sectional area of flow and hydraulic conductivity are constant in space, then the gradient d(DD)ldX may be considered uniform between the two cells, and, considering this to be a cell-centered formulation, the flow can be obtained by substituting the difference in drawdown between the center points of the two cells for d (DD) , and the distance between the center points of the two cells for dX.
Horizontal Flow
In the axisymmetric model, horizontal flow is radial flow, and the cross-sectional area of flow (A) varies from one cell to the next (fig, 2) . Radial flow between adjacent cells can be viewed as the flow from one end of a trapezoidal prism to another, where the opposite ends of the trapezoidal prism represent the midsections (dotted lines in figure 2) of the cells and where the cross-sectional area of flow varies linearly with X ( fig. 2 ). To derive an expression for the flow from one cell to the next, consider X -0 at the midsection of cell 1 and X -L at the midsection of cell 2. Also consider DELDD to be the drawdown at the center of cell 2 minus drawdown at the center of cell 1. Because hydraulic properties are horizontally uniform in this model, hydraulic conductivity (K) is the same in the two cells. Substituting and rearranging equation 1, then integrating from
where L = the distance between the midsections of the two cells (L); and A(X) = a mathematical expression for the cross-sectional area as a function of X:
where Al = cross-sectional area of flow at the midsection of cell 1 (L2), and A2 = cross-sectional area of flow at the midsection of cell 2 (L2).
Substituting this expression into equation 2, the general solution of equation 2 is the following, which is similar to the Thiem equation (Lohman, 1972) :
If the flow between a cell in column 1 ( fig. 1 ) and
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NOT TO SCALE the well is being calculated, the flow is conceptualized to be from the midsection of the cell in column 1 to the outside of the well, and A2 equals the cross-sectional area of flow at the outside of the well.
Vertical Flow
In vertical flow between two cells, the crosssectional area is a constant, but the calculation of flow can be complicated by variations in vertical hydraulic conductivity from one cell to the next ( fig. 3 ). Considering the flow at an instant in time to be the same in both cells, the flow from one cell to the next may be calculated using the thickness-weighted harmonic mean CK) of two hydraulic-conductivity values: 
where A is the cross-sectional area of flow. If the vertical hydraulic conductivity is zero in either of the two cells, the model skips both equations 5 and 6, and sets the vertical flow = 0.
Treatment of Cells in Top Layer
The treatment of flow in cells in the top layer of the aquifer differs from that of other cells in two ways:
(1) The cross-sectional area of horizontal flow varies with time because drawdown in this layer causes the flow field to constrict. This causes a change in transmissivity due to drawdown of the water table.
(2) In the calculations required to determine the flow between a cell in the top layer and a cell in the next layer down (equations 5 and 6), L is the distance between the water table and the center of layer 2, instead of the distance between the midsections of the cells.
Calculations of Drawdown and Hydraulic-Head Loss
The modeling process is divided into multiple time steps, the number and duration of which are designated by the user. Procedures executed by the model during one time step are diagramed in figure 4 . To complete the simulation of drawdown at the end of a time step, the model uses an iterative method.
Calculation of Drawdown in Well
In each iteration, the first calculation is the new drawdown in the free water surface in the well (DDWELL). The value ofDDWELL is equal to the drawdown at the pump intake. Holding drawdown in all aquifer cells constant, the following equation is solved for DDWELL by a trial-and-error method:
where (8) where ADJUSTd) is the increase in drawdown from the outside of the well, for layer 7, to the pump intake~for example, from point B to point A for layer 4, or from point C to point A for layer 5 ( fig. 1 ). The drawdown of the free water surface in the well (DDWELL) is equal to the drawdown at point A in figure 1 . The values for the array "ADJUST are set to 0 before the first time step and are recalculated at the end of each time step by methods that will be explained in subsequent paragraphs.
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Calculation of Drawdown in Aquifer
When equation 7 is solved for DDWELL, values are assigned to drawdown just outside the well for all layers exposed to the aquifer (such as points B and C in fig. 1 ). The drawdown just outside the well in layer 7 (DD)is:
While drawdown just outside the well is held constant, calculations of new drawdown in each aquifer cell take place using equation 10 or 11. Both of these equations state that the loss in stored water in the cell (the left side of the equations) is equal to the algebraic sum of the terms that each express outflow from the cell (the right side of the equations). Therefore, Holding drawdown in aquifer constant, the drawdown in the well is changed until:
Water obtained from change in well-casing storage Total flow to the well from each layer (In the terms for flow, the variable "ADJUST" is used to allow for hydraulic-head changes within the well)
Holding drawdown in well constant, this equation is solved for each cell in the aquifer: SS (7) = specific storage of layer / (L'1); and
The variables ABOVE and BELOW, which are assigned values using equation 6, are vertical flows out of the cell in the indicated directions. The variables RIGHT and LEFT, which are assigned values using equation 4, are the horizontal flows out of the cell away from the well and toward the well, respectively. In the calculation of all four variables ABOVE, BELOW, RIGHT, and LEFT, it is the drawdown in the adjacent cell minus the drawdown in the "present" cell that is used to calculate hydraulichead difference between the cells (DELDD in equations 4 and 6). The storage term for cells in the top layer is derived from apparent specific yield (SYA, equation 10), whereas that of the other cells is derived from specific storage (SS, equation 11). The assumption here is that water derived from specific storage is negligible in comparison with water derived from specific yield in the top layer.
The iterative procedure used to calculate the new drawdown at each aquifer cell using equations 10 or 11 consists of an orderly sweep through the entire array of cells except for cells in the last column. The program starts at 7=1 and J=l and sweeps across from left to right (increasing J) and down line by line (increasing 7) as if reading a page. In this explicit GaussSeidel method (Wang and Anderson, 1982, p. 26-27) , a new value for drawdown at a cell replaces the old value before the program goes on to the next adjacent cell.
When equation 7 has been solved for the new drawdown at the pump intake, equation 9 has been solved for the new drawdown outside the well, and equations 10 or 11 have been solved for the new drawdown at all aquifer cells, one iteration is complete. Now the model checks to see if it has converged to a solution. If the newly calculated drawdown at any point differs from its previous value by more than the userdesignated convergence criterion, then another iteration is started (return loop in figure 4) . Otherwise, the newly calculated drawdowns represent drawdown at the end of the time step.
Calculation of Hydraulic-Head Loss at Well
When the above iterative procedures are complete, the model calculates conditions at the end of the time step. The total flow (Q) to the well for the time step is:
Next, the hydraulic-head losses at the well are calculated. Work by Jacob (1947) indicates that the total hydraulic-head loss at the well, which is the sum of head loss across the well screen and head loss due to pipe flow up the well casing, is proportional approximately to the square of the well discharge. Rorabaugh (1953) stated that an exponent of 2.5, instead of 2, is more appropriate.
The model calculates hydraulic-head loss across the screen at each layer [SCNLOSSd)] using the expression:
where CWand CN are variables that depend on characteristics of the well screen; QL (7) is the flow to the well from layer 7; DELZd) is the vertical thickness of the layer; and RW is the radius of the well. All are user-defined variables.
Next, the relative contributions to the well from each aquifer layer are calculated. These incremental contributions to the well enable the model to calculate the vertical pipe flow in the well between each layer, and thus, the incremental piezometric-head losses (HL) along the pipe are calculated using the following formulation, which is obtained using a steadystate momentum balance, including the DarcyWeisbach formula for head loss due to friction along a pipe (from Streeter, 1950, p. 402) :
where 
Stability and Execution Time of Model
The explicit finite-difference approximation used in this model is stable if, as the solution progresses forward through each time step, the errors are not amplified such that the solution becomes invalid (Wang and Anderson, 1982, p. 70) . For a two-dimensional areal ground-water flow model made up of a grid in which the cell spacing is the same in both dimensions, stability depends on the following condition, adapted from Rushton and Redshaw (1979) To adapt equation 15 to the geometry of the axisymmetric model, the term cr, which is the area of the cells in the areal model, is replaced with (DELR)(DELZ), the corresponding term for the axisymmetric model, where DELR and DELZ are the dimensions of the axisymmetric model cells in the horizontal and vertical directions, respectively. Substituting the above into equation 15 results in the following requirement of time-step length:
Because this stability requirement must be met for all cells, the model user needs to first consider the cells for which the horizontal and vertical cell dimensions are smallest and for which hydraulic conductivity is largest. In other words, the test for stability needs to be applied first on the most permeable and vertically thinnest cells in column 1 ( fig. 1 ).
Equation 16 was derived from stability requirements for areal finite-difference models. It was found by experimentation that the stability requirement for the axisymmetric model for the test problems considered is
If the time-step length is too long, the program will terminate execution. Termination occurs when a user-designated limit for the number of trials in the calculation of well drawdown or for the number of iterations is exceeded. The termination of the program due to instability usually will occur early in the simulation because the rate of hydraulic-head change is largest soon after pumping is initiated. Therefore, the model offers the user the opportunity to select two different time-step lengths-one for early in the simulation and one for later in the simulation. The time for changing time-step length is also a user-input variable. Generally, the early time-step length needs to be smaller than the limit specified in equation 17. The user may find by experimentation with a particular model configuration that an early time-step length that slightly exceeds this limit may be suitable. Depending on the model-input configuration, the time-step length for later in the simulation may be considerably larger than the early timestep length.
The upper limit on time-step length required by the explicit method can result in lengthy model-execution time. The following equation gives an estimate of computerexecution time required for a simulation, using a PRIME 9955 computer1:
use of trade names in this report is for identification purposes only and does not imply endorsement by the U.S. Geological Survey. It was found by experimentation that the value of V ranges from 1,700 to 10,000, depending on the simulation. The value for V becomes larger (approaching 10,000) as the simulation time is increased.
Format For Model-Input Data Files
Example model-input data files are shown in figures 5 through 9. These input files are, to a large extent, self-explanatory. The user can follow the format of these files and make modifications to allow for the simulation of a particular test. The uses of model-input data files in figures 5 through 9 are described in the following section.
COMPARISON OF MODEL RESULTS WITH ANALYTICAL SOLUTIONS
The axisymmetric model can be tested by setting the model-input data to correspond with the assumptions that are built into various analytical solutions and then comparing the results of model simulation with the analytical solution. For analytical solutions that do not take into account processes within the well, model-input data are specified to cause these processes to be negligible.
Steady-State Drawdown in Confined Aquifer
Under steady-state conditions, the difference in drawdown between points that are located at different distances from the pumped well can be expressed by the Thiem equation (Lohman, 1972) . In order for steady-state drawdown to be simulated, use is made of the fact that the axisymmetric model automatically sets the last column to be "constant head" (constant zero drawdown). The simulation is run long enough so that drawdown ceases to change with time. Using the zero drawdown at the last column as a datum, the results of the Thiem equation and the axisymmetric model should agree.
The model configuration, the input data file, and results of the Thiem equation and the axisymmetric model are shown in figure 5. There are no differences in drawdown rounded to four significant figures.
Nonsteady Drawdown in Nonleaky Confined Aquifer
Under confined conditions, where there is no source of water other than storage, and the aquifer is homogeneous and infinite in areal extent, the drawdown around a pumped well that completely penetrates the aquifer can be expressed by a mathematical formulation developed by Theis (1935) . The model configuration, the input data file, and results of the Theis equation and the axisymmetric model are presented in figure 6 . To prevent the possibility of inflow from the constant-head cells, the model is configured to be horizontally extensive enough that there is negligible drawdown near the last column during the time of the simulation. Results of the Theis equation and axisymmetric model are in reasonable agreement.
Drawdown in Leaky Confined Aquifer Ignoring Storage in Confining Layer
When there is constant pumpage from an infinitely extensive confined aquifer that is overlain (or underlain) by a confining layer through which water can be transmitted to the aquifer from a constant-head source on the other side of the confining layer, the drawdown in the aquifer will induce leakage that eventually will equal pumpage, and drawdown will cease to increase with time. An analytical method used to interpret this, ignoring storage in the confining layer, is referred to as the Hantush-Jacob method (Hantush and Jacob, 1955; Hantush, 1956) .
The model configuration, the input data file, and results of the Hantush-Jacob method and the axisymmetric model are presented in figure  7 . Both the Hantush-Jacob method and axisymmetric model show a "leveling off* of drawdown during later time.
Drawdown in Leaky Confined Aquifer Considering Storage in Confining Layer
When there is constant pumpage from an infinitely extensive aquifer that is overlain (or underlain) by a confining layer from which stored water can be transmitted to the aquifer, the drawdown will deviate substantially from drawdown predicted by the Theis equation or the Hantush-Jacob method. An analytical method that deals with storage in the confining layer was developed by Hantush (1960) . The model configuration, the input data file, and results of the Hantush method and the axisymmetric model are .presented in figure 8.
Drawdown Induced by Partially Penetrating Well in Unconfined Aquifer Considering Delayed Yield
When a well pumps water from an unconfined aquifer, the relation between drawdown and early time may be the same as that which would be predicted had all water come from pressure storage, instead of the actual dewatering of the porous medium. Later in time, drawdown of the water table occurs, and the relation between drawdown and time follows that which would be predicted from the dewatering process. This "delayed yield" causes an S-shape configuration in the drawdown versus time graph. Neuman (1974; 1975) developed an analytical model to analyze the process of delayed yield and to account for the effect of a well partially penetrating the aquifer. The model configuration, the input data file for the axisymmetric model, and a graph showing results of Neuman's method and the axisymmetric model are presented in figure 9 .
Drawdown in Large-Diameter Well
The effect of well-casing storage on drawdown is illustrated in figure 10 . Figure 7 . Model configuration, input data file, and graphical results of drawdown determined from the Hantush-Jacob method (Hantush and Jacob, 1955; Hantush, 1956 ) and the axisymmetric model. table  to 70 feet below water table  Fully penetrating observation wells   I  I I I I  I  I I I I I  I'll  I  I I I I  10   100 1,000 10,000 100,000 TIME, IN SECONDS Figure 9 . Model configuration, input data file, and graphical results of drawdown determined from the Neuman method (Neuman, 1974; 1975 ) and the axisymmetric model.
assumptions upon which the Theis equation is based, except some water is obtained from wellcasing storage. Results of simulations show deviation from the Theis curve for the drawdown in the well and for the drawdown at a point 16.5 feet from the well. Results of an analytical method by Papadopulos and Cooper (1967) for determining drawdown in a largediameter well also are shown. All results show a convergence with the Theis equation later in time. Reilly (1984) showed results of the simulation of drawdown near a well pumping from an unconfmed aquifer that is underlain by a thin confining layer and by a deeper confined aquifer. The model configuration can be summarized as follows: 
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A comparison of results between the numerical model of Reilly (1984) and the axisymmetric model is present in figure 11 .
COMPLICATIONS INDUCED BY WELL CHARACTERISTICS
Most mathematical models for interpreting the results of aquifer tests are based on certain assumptions concerning the processes occurring near the well. These assumptions may include that: (1) the pumped well can be considered a continuous line sink; (2) inflow to this sink occurs at uniform flux along the length of the sink [volume/{(time)(length)}]; (3) the hydraulic head along this sink is uniform; (4) the hydraulic head obtained by measuring the water level in the well represents the hydraulic head along this sink; and (5) the water obtained from well storage is negligible. The degrees by which these assumptions are not valid may be large enough to lead to substantial errors in interpretation of aquifer-test data. The following examples show ways that the axisymmetric model considers complexities in ground-water flow caused by the pumped well.
The drawdown within and near a pumped well that fully penetrates a homogeneous, isotopic, confined aquifer is shown in figure 12 . Hydraulic-head loss due to pipe-flow friction and variation in velocity along the casing is substantial. The drawdown increases from 19.1 to 26.4 feet, from bottom to top of the cased interval. This induces considerable vertical variation in drawdown in the aquifer. The conditions of figure 12 are similar to those of Cooley and Cunningham (1979, fig. 5C ). Results are in reasonable agreement.
The drawdown induced near a pumped well that penetrates a homogenous, isotropic, unconfined aquifer is shown in figure 13 . Hydraulic-head loss due to pipe-flow friction and variation in velocity along the casing is substantial. Along the 100 feet of screened interval, there is an increase in drawdown of 3.74 feet. There is an additional hydraulic-head loss of 2.74 feet from the top of the screened interval to the pump intake. The drawdown that would be obtained by measuring the water level in the well differs from the drawdown at depth by 2.74 to 6.48 feet, depending on the depth considered. Furthermore, the hydraulic-head loss within the well at depth is not equal to the hydraulic-head loss at the outside of the well because of well-screen loss. Because drawdown at the well is greatest at the top part of the screened interval, there is greater driving force there for inflow to the well. The inflow is about 1.94 times greater at the top than at the bottom.
The drawdown near a pumped well that is open to three different water-bearing formations that are separated by confining layers is illustrated in figure 14 . All layers are anisotropic. Drawdowns at the three screened intervals are 21.28, 19.85, and 19 .38 feet, descending with depth. Due to these differences and to the separation of the screened intervals, the drawdown in the aquifer system varies considerably with depth in close proximity of the well. Notwithstanding the delayed yield effect near the water table, these variations become slight at a distance of about 150 feet from the well. The pumpage from the upper aquifer zone is 41 percent of the total, whereas the pumpage from the lower aquifer zone is only 28 percent.
POSSIBLE MODEL IMPROVEMENTS
There may be several modifications or additions to the computer program that can enhance the logistical aspects of running the model or improve the accuracy of model results. Some of these possible improvements are itemized here.
(1) The replacement of the explicit numerical method for calculating drawdown in the aquifer with an implicit method may decrease the need for small time steps and result in shorter execution time.
(2) A more rigorous treatment of head loss across the well screen may improve accuracy of the model. It could be advantageous to allow for a zone of turbulent flow outside the well, the extent of which would be a function of specific discharge (Rorabaugh, 1953) . (3) The utility of the model could be improved if it allowed for simulation of the seepage face and for the pump intake to be located below the top of the screen. Figure 12 . Drawdown in and near a pumped well that fully penetrates a homogeneous, isotropic, confined aquifer under conditions similar to Cooley and Cunningham (1979, fig. 5C ) [hydraulic conductivity = 0.0016677 foot per second; aquifer thickness = 100 feet; screened interval = entire aquifer thickness; well radius = 0.25 foot; well discharge = 2.00 cubic feet per second; friction factor (/=) in well casing = 0.05; the factor in well-screen tass equation (CW) = 0.10533; the exponent in well-screen loss equation (CN) = 2 0-pumping time of sufficient duration for drawdown to equilibrate; distance to constant-head boundary = 15,500 feet]. 
SUMMARY
The axisymmetric finite-difference model can simulate drawdown in three dimensions in and around a pumped well. Well properties that can be simulated include well-casing storage, hydraulic-head loss across the well screen, and hydraulic-head variation along the length of the well bore due to pipe-flow friction and nonuniform velocity. The model allows for partial well penetration and for multiple screened intervals. The fraction of total inflow to the well that is allocated to each aquifer layer is a variable that is calculated in each time step. Aquifer properties that can be simulated include confined conditions (leaky or nonleaky), unconfined conditions, vertical-horizontal anisotropy, and vertical variations in hydraulic conductivity.
Horizontal flow is calculated from an integration of Darcy's law to allow for the variation in cross-sectional area from one finitedifference cell to the next. The uppermost layer of finite-difference cells, which represents the upper part of the saturated zone, contributes stored water from specific yield, whereas other cells contribute stored water from specific storage. This representation allows for simulation of the "delayed-yield" effect. Calculation of horizontal flow in the uppermost layer of cells allows for the reduction in crosssectional area (and transmissivity) caused by lowering of the water table.
The model requires horizontal uniformity of hydraulic conductivity, specific yield, and specific storage. The model also requires that the upper layer of cells must be thicker vertically than the maximum drawdown of the water table, and that the seepage face is not simulated. The geometric configuration requires the pump intake to be above the top of the well screen. An upper limit on time-step length required by the explicit method can result in lengthy execution time.
Several different aquifer properties and numerous complexities in the flow system that are caused by well characteristics can be simulated. All characteristics can be allowed for simultaneously. The model was tested by comparing its results with results of published analytical solutions and other mathematical models. The results were generally in good agreement. 
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